WHITTAKER MODULES FOR THE TWISTED 
HEISENBERG-VIRASORO ALGEBRA 



DONG LIU, YUZHU WU, AND LINSHENG ZHU 

Abstract. Wc define Whittaker modules for the twisted Heisenbcrg-Virasoro al- 
gebra and obtain analogues to several results from the classical setting, including a 
classification of simple Whittaker modules by central characters. 

1. Introduction 

The twisted Heisenberg-Virasoro algebra has been first studied by Arbarello et al. in 
P], where a connection is established between the second cohomology of certain moduli 
spaces of curves and the second cohomology of the Lie algebra of differential operators 
of order at most one: 

C = {f(t)^ + g(t)\f(t),g(t)eC[t,t- 1 ]}. 

Moreover, the twisted Heisenberg-Virasoro algebra has some relations with the full- 
toroidal Lie algebras and the N = 2 Neveu-Schwarz superalgebra, which is one of the 
most important algebraic objects realized in superstring theory. The structure of the 
irreducible representations for C was studied in [I], [I] and [10]. The irreducible weight 
modules were classified in [15] and [T3j . 

In this paper we study a class of modules for the twisted Heisenberg-Virasoro al- 
gebra. Whittaker modules were first discovered for sl2(C) by Arnal and Pinzcon [2j. 
In [11], Kostant defined Whittaker modules for an arbitrary finite-dimensional com- 
plex semisimple Lie algebra q, and showed that these modules, up to isomorphism, are 
in bijective correspondence with ideals of the center Z(q). In particular, irreducible 
Whittaker modules correspond to maximal ideals of Z(q). In the quantum setting, 
Whittaker modules have been studied for Uh(o) in [20] and for W g (s[ 2 ) in [IS] . Re- 
cently Whittaker modules have also been studied by for the Virasoro algebra in [19] . 
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for the Schrddinger- Virasoro algebra in [23] , for Heisenberg algebras in [7] , for general- 
ized Weyl algebras in [5], for the VT-algebra W(2, 2) in [22], and for the super Virasoro 
algebra in |14j . 

We note that the center of the twisted Heisenberg- Virasoro algebra is 4- dimensional, 
which is different from the above algebras whose centers are all one-dimensional. So 
our construction is new and it also offers to construct too much Wittaker modules, 
although some calculations of this paper are similar as that in [18] and |23| . 

Throughout the paper, we shall use C, Z, Z + and N to denote the sets of the complex 
numbers, the integers, the positive integers and the nonnegative integers, respectively. 

2. Preliminaries 

Let V denote the twisted Heisenberg- Virasoro Lie algebra. Then V = span c {zi, z 2 ,z^,L k , I k 
k G Z} with Lie bracket 

k 3 — k 

[L k , Lj] = (j - k)L k+j + Sj-k zi; 
[L k , Ij] = jl k+j + 5j- k (k 2 -k)z 2 ] 
[Iki Ij] — dj-kkzz] 
fe,V]=0,i = 1,2,3. 
We will make use of the following subalgebras: 

n + = span c {Li, Ji,L 2 ,/ 2 , •••} 

= span c {L_i,/_i,L_2,/- 2 , • • •} 
f) = span c {z u z 2 , z 3 , L , 1 } 

= n~ © fj 
b + = f) © n + 

Let S(z) be the symmetric algebra generated by z\, z 2 , z 3 , z = I , that is, polynomials 
in z Q , zi, z 2 , Z3. Then S(z) is evidently contained in Z(V), the center of the universal 
enveloping algebra U(V). 

2.1. Partitions and Pseudopartitions. The following notation for partitions and 
pseudopartitions will be used to describe bases for U (V) and for Whittaker modules. 

We define a partition /i to be a non-decreasing sequence of positive integers /i = (0 < 
Mi < 1^2 < • • • < fr)- A pseudopartition A is a non- decreasing sequence of non-negative 
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integers 

A = (0 < A x < A 2 < ■■ • < A s ). (2.1) 

Let V represent the set of partitions, and let V denote the set of pseudopartitions. 
Then V C V . 

We also introduce an alternative notation for partitions and pseudopartitions. For 
A G V, write 

A = (o A (°), 1^,2^,...), (2.2) 

where X(k) is the number of times k appears in the pseudopartition and X(k) = for k 
sufficiently large. Then a pseudopartition A is a partition exactly when A(0) = 0. For 
/it G V, X G V, define 

|A| = A x + A 2 + ■ ■ ■ + A s (the size of A) 
#(A) = A(0) + A(l) + ■ • ■ (the # of parts of A). 

\fi + X\ = \fi\ + \X\ 
For fi G V, X G V, define elements 1^, L„ A G U(V) by 

j _ T T T — T^i 1 ) 

Define = (0°, 1°, 2°, . . .), and write Lq = 1 G U(V). We will consider to be an 
element of V but not of V . For any A G V, fi G "P and p(^) G 5'(2), p^L^xI^^ G 
?7(V)_|a+ m |, where f/(V)_|A+ /J | is the — |A + /i|-weight space of U(V) under the adjoint 
action. 

2.2. Whittaker Modules. In the classical setting of a finite-dimensional complex 
semisimple g, a Whittaker module is defined in terms of an algebra homomorphism 
from the positive nilpotent subalgebra g + to C (see [H]). This homomorphism is 
required to be nonsingular, meaning that it takes nonzero values on the Chevalley 
generators of q + . 

In the present setting, the elements L 1 ,L 2 ,/i G n + generate n + . Thus we assume 
that ip : n + — > C is a Lie algebra homomorphism such that ip(Li), ^(L 2 ), ^ 0. We 
retain this assumption until to section 5. The commutator relations in the definition 
of V force 

%l){Li) =0 for i > 3, ip(Ij) = for j > 2. 
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For a V-module W, a vector w G V is a Whittaker vector if = ip(x)w for all x G n + . 
A V-module is a Whittaker module if there is a Whittaker vector w & W which 
generates W . For a given ■?/> : n + — > C, define to be the one- dimensional n + -module 
given by the action xa = tp(x)a for a; G n + and a G C. The universal Whittaker 
module is given by 

Afy = C/(V) ®C7(n+) C V ,. 

We use the term universal to refer to the property in Lemma [27TT i) below. Let w = 1 ® 
1 G Afy. By the PBW theorem C/(fr) has a basis {z'L_ A /- M | (A, //) G P x V, t G N 4 }, 
where z l = z£ z 1 ^ z£ z£ , t = (to, h,t 2 , t 3 ) G N 4 . Thus has a basis 

{z'L.J^w (V)GPxP,tG N 4 } (2.1) 

and uw ^ whenever 7^ w G U(b~). Define the degree of z t L^\l^ ll w to be |A + \x\. 
For any / » G M^, define maxdeg (v) to be the maximum degree of any nonzero 
component of homogeneous degree, and define maxdeg (0) = — 00. Define maxi (t;) to 
be the maximum value A(0) for any term z t L^\I^ fl w with nonzero coefficient. 
For£=(£o,£i,6,£ 3 )e(C 4 , define 

3 

L^ = M^/^2(zi-^iV}M^ 

and let ~ : — > be the canonical homomorphism. Similar the Lemma in [19] . 
we have 

Lemma 2.1. Fix ip and as above. 

(i) Let V be a Whittaker module of type ip with cyclic Whittaker vector wy ■ Then 
there is a surjective map ip : — > V taking w — 1 (g> 1 to wy . 

(ii) Let M be a Whittaker module of type ip with cyclic Whittaker vector wm, and 
suppose that for any Whittaker module V of type ip with cyclic Whittaker vector 
wy there exists a surjective homomorphism 6 : M — > V with 6(wm) = wy. Then 
M 9* M$. 

□ 

3. Whittaker vectors in M$ and 

Fix ij) : n + -> C with ^(Lj), ip(L 2 ), ip(Ix) ^ 0, and let w = 1 ® 1 G Afy as before. 
In this section we shall determine the Whittaker vectors in the modules M$ and L^^. 
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For any w' G Mf, w' = uw for some u G U(b + ), we have 

(L n - ip(L n ))w' = [L n , u]w, (I n - ip{I n ))w' = [I n , u]w. 
If w' is a Whittaker vector, then 

{L n - ii{L n ))w' = (I n - rj}{I n ))w' = 0. 

Lemma 3.1. [18] Define and w = 1 <g) 1 G as above, and let a G Z +; k G N. 

T/ien 

[L fc+2 , L^ fc ]w = v - a(2k + 2)^(L 2 )L a _~ 1 w, 
such that maxdeg (v) < k(a — 1) if k > 0, and maxx (t> ) < a — 1 if k = 0. 

Lemma 3.2. 

(i) Form G Z+, we have 

maxdeg ([I m , L-\I^w) < |A + fj,\ - m + 1. 

(ii) [Ife + i, -Z/jJ-^] = u - a(& + l)^(Ji)J_ (U L^ fc 1 , w/iere maxdeg (u) < (a - 

> 0, maxi (t>) < a — 1 if k = 0. 

(iii) Suppose X = (0 A(0) , 1 A(1) , 2 A(2) , • ■ ■ ) and fc G N is t/ie minimal such that X(k) ^ 0, 
t/ien 

L_ A /„ M ]u> = v - (k + l)A(A;)^(/i)L_ A //„ M w, 

where if k = i/ien u = u' + u" wt/i maxdeg (V) < |A| — k and max£ (V') < 
A(fc) — 1, i/A; > i/ien maxdeg (v) < |A| — fc; A' satisfies X 1 (k) = X(k) — l,X'(i) = 
X(i) for all i > k. 

Proof, (i) Suppose A = (A 1 ,A 2 ,--- ,X r ),fi = (^i, fi 2 , ••• ,^ s )- Note that [E m ,—] is a 
derivation of U(V) for any E m = L m or I m , we have 

+ 



+ 



y~] L-\ r ■ ■ ■ [I m , L-Xi] ■ ■ ■ L-x-iI-n 
i=i 

s 

^ L-xI-u r ■ ■ • [Irm I-Vj] ' ' ' ^-Ati 

PA' ,fj,',n{ z l)L—X' I-ji' In 
p'(z 3 )L-xI-u", 



6 DONG LIU, YUZHU WU, AND LINSHENG ZHU 

where A' G V, n e Z satisfies 

-|A' + fi'\ + n = -|A + n\ + m = -|A + //|. 

Then 

maxdeg ([/ m , L_ A 4 M ]w;) = maxdeg (^px 1 ,n{z)L_ x ,I_ tl I n w) < \X + fj\-m + l 

since I n w = ip(I n )w — for n > 1. 
(ii) 

o-l 

= £ z/_ fc [4+i, l-^- 1 /_„ + P '(z 3 )L a _ x i^ 

i=0 

a-1 

= -(k + LUhL^I^ + p'(z 3 )L^ x I^, 

i=0 

where — \fi\+k + l — —\(J>"\. 

We write [4+i, L°i k I-y\ a linear combination of basis of U(V): 

L° fc i_ M ] = p'(z 3 )L a _ x I^„ + ^p AiM , n (z)L_ A /_ At /n - (fc + l)a^ A;Mj i(2:)L!.fe 1 J_ / ,/i, 

where if k = 0, then n — 1 and for each p A)(Ui i(z) 7^ 0, L_ x = L l for some I < a — 1; if 
fc > then n < and AG? satisfies |A| — n = (a — 1)A; — 1. Thus (ii) follows. 

(iii) Denote L„ A = L_ X iL x }^\ where X'(i) = X(i) for all i ^ k and X'(k) = 0. Thus 
we have 

[4+i, L_ x I_^}w = [4+1, L-x'L^jl^nW + p'(z 3 )L_ x I_^w 
= [4+1, L_ A /]L_. ( fe fc) J_ At w + L_ v [4+i, L^I-^w + p'(z 3 )L_ x I_^w, 

where — + A; + 1 = — \fJ?\. 

We say that the degree of the first and the last summands are strictly smaller than 
|A| - k. In fact, if A' = then 

maxdeg ([4+1, L_ A /]L_. ( fe fc) J_^w) = -00; 

If A' 7^ 0, suppose d is the minimal such that X'(d) 7^ 0, then d > k + 1 by the 
assumption of k, Therefore 

maxdeg ([4+1, L^]L X _f I-„w) = |A' + fi\ - (k + 1) + kX(k) = \X + fi\ - (k + 1). 
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By applying (ii) to the second summand, we complete the proof of (iii). □ 

Lemma 3.3. For any (A,/i) G V x V, m, k G N, we have 

(i) maxdeg ([L m , L_ x I-^w) < |A + ji\ - m + 2; 

(ii) If fi(i) = A(z') = /or allO<i<k, then 

maxdeg L_ A 7_Ju;) < |A + - A; - 1; 

(iii) 7/ /i(j) = A(i) = for all < i < k, < j < k and fi(k) ^ 0, then 

[L fc+1 ,L_ A 7_ M ]to = v - fc'0(7i)/i(A;)L_ A 7_ At /, 

where maxdeg (i>) < |A + /j| — fc and // satisfies that fi'(i) = for all i ^ k 
and [i\k) = /i(k) — 1. 

Proof. To prove (i), we write [L m , L_ A 7_ M ] a linear combination of the basis of U(V) : 
[L m , L_ A 7_ M ] = ^p A / )At /(z)L_ A /7_ M / 

+ PA",/i",n(^)-^-A"7- /i "75 n , 
X",n",n,E n 

where A', //, A", /i", n satisfy — + A'| = — + A"| + n = — |/x + A| + m, E n = L n or 
I n . Since LjU> = Ijw = for z > 2,j > 1, the first inequality of (i) follows from above 
equality Similarly, we can get the second inequality. 
To prove (ii), note first that if (A,/i) = (0,0) then 

maxdeg ([L fc+ i, L_ A 7_ M ]w) = -oo, 

we suppose (A, //) 7^ (0, 0) and write 

7v_ A 7_ ft = L_ Xr ■ ■ ■ L_ Al 7_ fls • • ■ 7_ M1 . 

Since < /Uj, Aj for all 1 < j < s, 1 < a < t, 1 < z < r, we have 

[L fc+1) L_ A 7_ M ] e E/-(fr), 

and 

maxdeg ([Lfc+i, L_ A 7_ M ]«;) = |/i + A| - k - 1. 

So (ii) holds. 
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With respect to (iii), noting 

[Lk+i, L-xI-fj] = L-\[Lk+i, 1-^'}!-^ 

+[L fe+1) L_ A ]/ v J^ ) , 

where fj,' G V such that fi'(k) = 0,//(«) = fi(i) for i 7^ k. By assumption about k, we 
see that [L k+1 , [L fc+1 ,L_ A ] G C/(b _ ), [L fe+ i,/^ ( fe fe) ] = -k^k)^' 1 and 

maxdeg (L_ A [L fc+1 , I_£ w) < + X\ - k - 1, 

maxdeg ([L fc+ i, L_ A ] J-^i^jpu;) < |/i + A| - A; - 1, 

L_ A /_ M /[L fe+ i,/^ fe) ]w = -k/i(k)il)(I 1 )L-xI-ix"W, 
where /i" G P such that n"(k) = /j,(k) — l, fi"(i) = for all i ^ k. Thus (iii) holds. □ 

Proposition 3.4. Let be a universal Whittaker module for V, generated by the 
Whittaker vector w — 1 ® 1. If w' E is a Whittaker vector, then w' = p(z)w for 
some p(z) G £(2). 

Proof. Let w' G be an arbitrary vector. By (12. ip . 

w' = 5^ PxA z ) L -^-^ w 

(A,A*)e(P,7>) 

for some polynomials p A)M (2) G We will show that if there is A 7^ = (0°, 1°, 2°, . . .) 

or fi 7^ = (1°, 2°, . . .) such that px ltJ ,(z) 7^ 0, then there is m G Z >0 such that 
(L m — ip(L m ))w' 7^ or (I m — ip(I m ))w' 7^ 0. In this case w' is not a Whittaker vector, 
which proves the result. 

Let iV = max{|A + fi\ \ px,fi{z) 7^ 0}, and define = {(A,//) G V x "P | Px,n{z) 7^ 
0, |A + /x| = iV}. 

Assume A^ > 0. Set 



:= min{n G Z + |/i(n) 7^ or A(n) 7^ for some (A,//) G Ajy}. 
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Case I. k satisfies X(k) ^ for some (A,/i) G A at. By Lemma 3.1 , we have 



(4 +1 - ijj{I k+1 ))w' 



(\,/i)(£A N 



(A,^)gAjv 
A(fc)=0 



(A,M)eAjv 
A(fc)^0 

By using Lemma 3.2 (i) to the first summand, we know that the degree of it is strictly 
smaller than N — k. As for the second summand, note that =0 for < % < k, we 
have 

[4 +1) L_ A J_ M ] = [I k+1 ,L_ x ]I^ + L_ x [I k+1 ,I^] eS(z)U(V-), 

thus the degree of it is also strictly smaller than N — k. Now using Lemma 3.2 (iii) to 
the third summand, we know it has form: 



(k + l)\(k)ij(h)p x Az)L_ x L 



(A,/i)eAjv 

A(fc)^0 

where if k — then v = v'+v" such that maxdeg (V) < N—k and m&XL (v") < A(0) — 1; 
if k > then maxdeg (v) < N — k. X' satisfies A' (A;) = X(k) — 1, X'(i) = X(i) for all i > k. 
Thus the degree of the third summand is N — k, which implies (I k +i — ip{Ik+i))w' ^ 0. 

Case II. k satisfies fi(k) ^ 0, X(k) = for some (A,/i) G Ajv- 
For convenience, we denote w' = w\ + w'2 such that 

w\ = Y Px, I m(z)L_ x I_ i ,w, 

(\,fj,)<£A N 

w'2 = Y pxA*) 1 "-* 1 -^- 

(A,^)eAjv 

We will find some element E m G V + such that (E m — ip(E m ))w' 7^ according to the 
following subcases: 
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Subcase 1. maxdeg (w\) < N — 1. In this subcase, 

(L k+1 - i/j(L k+ i))w[ = ^ Px,n{ z )[Lk+i,L-\I-p]w. 

(A 1( u)£Ajv 

By the first inequality of Lemma 3.3 (i), we have 

maxdeg {{L k+l - iP(L k +i))w[) < (N - 1) - (k + 1) + 2 = N - k. 

(L k+1 - ip(L k+ i))w' 2 = ^2 PxA z )i L k+i, L-xI-^w 

(A,^)eAjv 



(\,tj,)eA N 



By using Lemma 3.3 (ii) to the first summand and (iii) to the second, we have 



(L k+1 - tp(L k+1 ))w' 2 = v- ^ PxA z )l J '( k ) k ' l l ; ( I d I -n' L - 



xw, 



(x,fi)eA N 



where maxdeg (v) < N — k, fj/ satisfies that = fi(i) for all i ^ k and fi'(k) = 
fi(k) — 1. Thus, we have 

(L fc+ i - ip(L k+1 ))w' = (L k+1 - tp(L k+1 ))w[ + (L fe+ i - tp(L k+1 ))w 2 ^ 

Subcase 2. maxdeg (w'i) = N — 1 and A = for any (A, /i) with pxA z ) ^ 0. In this 
subcase, 

w '\ = PoA z ) T -^ w ' 

(0, m )^Ajv 

Hence 



(L k +i - ip(L k+1 ))w[ = Y PoA z )l L k+ii L 

(0,m)^Ajv 



and by the second inequality of Lemma 3.3 (i), we have 

maxdeg {{L k+l - ijj(L k+1 ))w[) < N - k; 
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(L k+1 - ip(L k+1 ))w' 2 = PoA z )l L k+i^^^ 



to 



(o,/i)eAjv 

Ai(fc)=0 



(0,/x)eAjv 



and by Lemma 3.3 (ii) and (iii) 



(L k+1 - ip(L k+1 ))w' 2 = v- Y Po.^M^Ui)^- 



(0,At)eA JV 
M (fc)^0 

where maxdeg {v ) < N — k and // satisfies = fi(i) for alH ^ k and fi'(k) = /i(k) — l. 
Thus maxdeg ((L k+1 - i/;(L k+1 ))w) = N - k and (L k+1 - ijj(L k+1 ))w ^ 0. 

Subcase 3. maxdeg (w^) = N — 1, A — for any (A,/i) G Ajy and A ^ for 
some (A, ji) such that (A, /i) ^ Ajy with p\^(z) ^ 0. Suppose that / is the minimal 
such that A(Z) ^ for some (A,/x) which satisfies (A,/i) ^ Ajy and p\ tfl (z) ^ 0. Let 
N' = {max\fi + A||(A,yu) ^ Ayv,A(/) ^ 0,p\^(z) ^ 0}. Then by Lemma 3.2 (iii) we 
have 

- VOMK = v- Y ( l + i)A(/)^(/iK M (^)/-^v^, 

(A,/Lt)£Ajv 
|At+|A|=AT' 
A(i)^0 

where maxdeg (w) < N' — l, A' satisfies that A'(i) = A(z) for all i ^ I and A'(/) = A(Z) — 1. 
It is clear that 

- Hh +1 ))w' 2 = 
since w' 2 = T i (o,^a n PoA z ) I ~^ w and [h+ij-^] = °- Thus 

- 1>(I l+ i))w' ^ 0. 

Subcase 4. maxdeg (w[) = N — 1 and there exists some (A, fi) G Ajy such that A 7^ 0. 
In this subcase we suppose I is the minimal such that A(Z) 7^ for some (A, fi) G Ajy. 
Then / > /c according to the assumption about k. Since 

(A,/i)£Ajv 

by Lemma 3.2 (i) we have 

maxdeg ((J, +1 - ^(I,+i)K) < (iV - 1) - /. 
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By Lemma 3.2 (iii), we have 
(h+x - ip(Ii+i))w' 2 ■■ 



(A,/i)eAjv 



(A,/i)GA]v 



where maxdeg (v) < N — I, X' satisfies that X'(i) = X(i) for alii ^ I and X'(l) = X(l) — 1. 
Thus, we have 



Proposition 3.5. Let w — 1 <8> 1 G and w — 1® 1 G £y>,£- ^/ w ' ^ ^ s 

Whittaker vector, then w' = cw for some c G C. 

Proof. Note that the set {L-xI-^w | (A, /i) G ("P, P)} is a basis for . With this fact 
now established, it is possible to use essentially the same argument as in Proposition 
13.41 to complete the proof. However, we simply replace the polynomials p\(z) in z with 
scalars p\ whenever necessary. □ 

4. Simple Whittaker Modules 

By Proposition 13.51 we shall show that the modules L^^ are simple and form a 
complete set of simple Whittaker modules, up to isomorphism. 

Fix an algebra homomorphism ip : n + — > C and a Whittaker module V of type ip. 
We may regard V as an n + -module by restriction. Define a modified action of n + on 
V (denoted by •) by setting x ■ v = xv — ip(x)v for x G n + and v G V. Thus if we 
regard a Whittaker module V as an n + -module under the dot action, it follows that 
E n ■ v — E n v — if)(E n )v for E n = L n or I n , n > and v G V. 

Lemma 4.1. Ifn> 0, then L n and I n are locally nilpotent on V under the dot action. 
Proof. By direction calculation. □ 

By straightfordwork calculation, we have the following lemma 
Lemma 4.2. Let X G V and t G N 4 . 



maxdeg ((7 m - i(>(I l+1 ))w' 2 ) = N -I 



and 



- i>(Ii +1 ))w' = - Wi + i))w[ + (J I+1 - ip(Ii+i))w' 2 ± 0. 



□ 
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(i) For all n > 0, E n ■ (z'L-aJ-^w) £ span c {z t 'L-x'I-n' w I I/ 1 ' + ^'1 + ^'(°) - 

+ A| + A(0)}. 

(ii) Ifn> | A + fi\ + 2, then E n ■ (L_ x I_^w) = 0. 

□ 

Corollary 4.3. Suppose V is a Whittaker module for V, and let v £ V. Regarding V 
as an n + -module under the dot action, U(n + ) ■ v is a finite- dimensional submodule of 
V. 

Proof. This is the direct result of Lemma 14.21 □ 

Theorem 4.4. Let V be a Whittaker module for V , and let S C V be a submodule. 
Then there is a nonzero Whittaker vector w' £ S. 

Proof. Regard V as an n + -module under the dot-action. Let ^ v £ S, and let F be 
the submodule of S generated by v under the dot-action of n + . By Lemma 14731 F is a 
finite-dimensional n + -module. Since Lemma 14.21 implies that E n ■ F = for sufficiently 
large n, the quotient of n + by the kernel of this action is also finite-dimensional. Note 
that E n is locally nilpotent on V (and thus on F) under this action by Lemma 14. 1[ 
Thus Engel's Theorem implies that there exists a nonzero w' £ F C S such that 
x ■ w' = for all x £ n + . By definition of the dot-action, w' is a Whittaker vector. □ 

Corollary 4.5. For any £ £ C 4 , is simple. 

Proof. Let S be a nonzero submodule of L^^. Since z £ V acts by the scalar £ on 
L^ £, it follows from Theorem 14.41 that there is a nonzero Whittaker vector w' £ S. 
Proposition 13.51 implies that w' = cw for some c £ C, and therefore w £ S. Since w 
generates L^^, we have S = L^. □ 

Corollary 4.6. Let^ : n + — >• C 6e a L«e algebra homomorphism and ijj(Li),ip(L2),ip(Ii) ^ 
0. Let S be a simple Whittaker module of type ip for V. Then S = for some £ £ C 4 . 

Proof. Let w s £ S be a cyclic Whittaker vector corresponding to By Schur's lemma, 
the center of U(V) acts by a scalar, and this implies that there exists £ £ C 4 such that 
ZiS = £jS, i = 0, 1, 2, 3 for all s £ S*. Now by the universal property of M^, there exists 
a module homomorphism if : — > S* with w i— > mm; s . This map is surjective since 
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w s generates S. But then 

(3 \ 3 3 

Y,{zi - &l)Mv> )=^2(zi- UdMM^) = Y,{zi - Zd)S = 0. 
i=0 / i=0 i=0 

It follows that 

3 

- C ker</? C Afy. 

t=0 

Because L^g is simple and kery? 7^ M^, this implies ker if = Y^=o( Zi ~ £d)M^. □ 
For a given ip : n + — ► C and £ G C 4 , note that L = 5Z^ =0 Z7 (V) (^i — &1) + 

E m >o^)( L ™.-^(^m)l) + E m >o f/ W( J ™-^( J -) 1 ) C ^(V) is a left ideal of U(V). 
For u G i/(V), let w denote the coset u + L G U(V)/L. Then we may regard U(V)/L 
as a Whittaker module of type ^ with cyclic Whittaker vector 1. 

Lemma 4.7. Fix ^ : n + — ■> C ip(L\), ^(£2), ^(A) 7^ 0. Define the left ideal L of 

U(V) byL = E^(V)(^-&l)+Em>o^(V)(A»-^(A»)l)+E^o^(V)(/m-^(/ m )l), 
and regard V = U(V)/L as a left U(V) -module. Then V is simple, and thus V = L^ %. 

Proof. Note that the center of C/(V) acts by the scalar £ on V. By the universal property 
of M^, there exists a module homomorphism </? : — * V with w 1— > ttl. This map 
is surjective since 1 generates V . But then <p (%2{ z i ~ £d)M^) = EC 2 * ~ £d)<p(Mif,) = 
Y^( z i ~~ £d)V = 0; so it follows that 

J2(zi ~ £d)Mi, C ker<^ C M$. 
Because is simple and kenp 7^ M^, this forces ker<^ = Y2i z i ~~ □ 

Proposition 4.8. Suppose that V is a Whittaker module of type ip such that Z{ G 
V acts by the scalar & G C, z = 0,1,2,3. T/ien V is simple. Moreover, if w is a 
cyclic Whittaker vector for V , Annu(y)(w) = Yh=o U(y){zi - &1) + E m >o U(V)(L m - 

i>(L m )i) + E m >oU(v)(i m -i>(i m )i). 

Proof. Let K denote the kernel of the natural surjective map U(V) — > V given by 
u 1 — ► to. Then if is a proper left ideal containing L = ^2^ =0 U(V)(zi — &1) + 
E m >o U{V){L m - tpml) + Em>o^M(^ ~~ V'(^m)l)- By Lemma EO, L is maximal, 
and thus if = L and V = U(V) / L is simple. □ 

Remark 1. By Schur's Lemma, Proposition ^. 8[ applies to any simple Whittaker mod- 
ule. 
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5. WHITTAKER MODULES FOR THE DIFFERENTIAL OPERATOR ALGEBRA OF 

DEGREE NO MORE THAN 1 

In this section, we describe the Whittaker modules for the Lie subalgebra C of 
the differential operator algebra of degree no more than 1. Recall that the twisted 
Heisenberg-Virasoro algebra V is the universal central extension of C. We abuse nota- 
tion and regard £ = span c {Lfc, 4 | 6 Z} with Lie bracket given by 

[L k , Lj] = (j - k)L k+j , [4, Ij] = 0, [L k , Ij] = jl k+j 

for j, fcGZ. 

As V is the universal central extension of C, there is a surjective Lie algebra ho- 
momorphism p : V — > C with kerp = C{z±, z 2 , z^}. This map extends to a surjective 
homomorphism U (V) — > U (£) which we also denote by p. 

Define the subalgebra C £ in the obvious manner. Since n + = rut, we make no 
distinction between a homomorphism ip : — > C and a homomorphism ip : n + — > C. 
Let tp : — > C be a Lie algebra homomorphism such that %l){Li),il}{L 2 ),ijj{I\) ^ 0. 
A ^-module V is a Whittaker module if there is some to G V such that w; generates V 
and iw = ip(x)w for all rr G tlj. 

Proposition 5.1. Fix a homomorphism ip : — > C u>rf/i ip(Li), ip(L 2 ), ip{I\) ^ 0, 
and /et V be a nonzero Whittaker module of type ip for C. Then V is simple. Moreover, 
V = when L^ j0 is viewed as a C-module, where r] = (£ , 0, 0, 0) for some £ G C. 

Proof. Let Vy be the V-module obtained by letting x G V act on V by p(x) G £. Then 
Vy is a nonzero Whittaker module for V, and the central element Z\, z 2 , £3 G V act by 
0s. By Proposition 14.81 we then have Vy — for some rjo = (£o, 0, 0, 0) G C 4 . As 

Vy is the pullback of V and p : V — > C is surjective, we conclude that V must also be 
simple. 

To check that can be viewed at a £-module, we note that z±, z 2 , z 3 G Anny(L^ jr?0 ). 
Therefore, the action of C = V /C{zi, z 2 , z%} is well-defined. Since Vy = L^ Vo as V 
modules, we must have V = L^, )??0 as ^-modules. □ 

6. A CLASS OF NEW MODULE SIMILAR TO WHITTAKER MODULES 

In this section we construct and study a family of V-module V^^ which are generated 
by ^-vectors. When ip is identically zero, each of these modules has a quotient module 
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isomorphic to a Verma module. When ip is non-singular these are the irreducible 
Whittaker modules L^^ desired above. Otherwise V^^ will be new. 

Let £ = (£o, £1, £2) £3) G C 4 and let ip : V + — > C be any Lie algebra homomorphism. 
View = Cu; as a one-dimensional Z + V + -module by 

XW = 1p(x)w, Z W = £iW, Z\W = (,2W, Z2W = (,3W, Z 3 W = ^W, 

where x G V + , Z = spanc{zi\i = 0, 1, 2, 3}. Then we have an induce [/(V)-module 

:= Uiy) ®u{v+)S{z) 

Clearly, has the following facts: 

(1) If if; is non-singular, is the irreducible Whittaker module L^. 

(2) If if) = and is the submodule generared by (L — ()w, ( G C, then the 
quotient module V^/V is the Verma module for V. 

From now on we fix a Lie algebra homomorphism ip such that ip is singular but not 
identically zero. 

Theorem 6.1. For £ = (£i,£2,0,0) G C 4 , is simple if and only ifip(Ii) 7^ 0. 

Proof. If ip{h) = 0, the submodule V of V^o generated by {I- n v\n G Z + } is proper 
since w ^ V. 

Now we suppose ip(Ii) 7^ 0. For any 7^ t> G V, Write 

where a^xjiz) is in the polynomial algebra of Z\, z 2 . Set 

N = max{|A + fi\ | a AjM)i (z) 7^ 0}, 
A N = {(X,i2)ePxV\ax^i{z)^0,\X + fi\ = N}. 

Now we will use induction on N to prove that w G V. If iV = 0, then 

By applying the dot action of I\ on t> and using induction on i, one can prove w G V. 

Now assume iV > 0. Using the same argument of Proposition I3.4[ one can prove 
that there is m G Z >0 such that L m ■ v 7^ 0, maxdeg(L m • v) < N or I m ■ v 7^ 
0, maxdeg(/ m • v) < N. □ 
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